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Energy spectra of 0s-orbit Λ states in p-shell Λ hypernuclei (AΛZ) and those in
19
Λ F are studied with
the microscopic cluster model and antisymmetrized molecular dynamics using the G-matrix effective
ΛN (ΛNG) interactions. Spin-dependent terms of the ESC08a version of the ΛNG interactions are
tested and phenomenologically tuned to reproduce observed energy spectra in p-shell AΛZ. Spin-
dependent contributions of the ΛN interactions to spin-doublet splitting and excitation energies are
discussed. Energy spectra for unobserved excited states in p-shell AΛZ and
19
Λ F are predicted with
the modified ΛNG interactions.
I. INTRODUCTION
In this decade, experimental and theoretical studies of
hypernuclei have remarkably progressed. For Λ hyper-
nuclei, experimental studies with high-resolution γ-ray
measurements have been extensively performed to pro-
vide detailed information of energy spectra in the p-shell
region [1–3]. The γ-ray spectroscopic study of sd-shell
A
ΛZ has just started, and the observed spectra in
19
Λ F have
been reported [4]. The observed energy spectra are useful
information for study of ΛN interactions. In particular,
energy splittings between the spin-doublet J> = I + 1/2
and J< = I − 1/2 states with the Λ-spin coupling in
parallel and anti-parallel to the core nuclear spin I are
sensitive probes to figure out spin dependences of the ΛN
interactions in Λ hypernuclei. Based on compilation of
the precise data updated recently, it is time to compre-
hensively understand the energy spectra in p-shell AΛZ
with theoretical study. Moreover, it is able to test spin
dependences of the ΛN interactions in comparison of cal-
culated spectra with observed data.
Structure studies of p-shell Λ hypernuclei have been
performed with various theoretical models such as clus-
ter models [5–22], shell models (SM) [23–28], mean-field
and beyond mean-field models [29–38], hyper antisym-
metrized molecular dynamics (HAMD) model [39–43],
and no-core shell model [44], and so on. Spin-dependent
ΛN interactions have been discussed in details in sys-
tematic studies for various p-shell AΛZ, for instance, with
cluster-model [12, 14–16] and shell-model calculations
[26–28].
In the structure calculations of Λ hypernuclei, Y N
interactions developed based on the meson-theoretical
models by the Nijmegen group have been widely used.
After many trials and continuous improvements, new
versions (ESC08 series) of the extended-soft-core (ESC)
model of the Y N interactions have been proposed [45–
47]. The spin-independent part of the ESC08(a,b) ΛN
interaction was tested and found to be reasonable in
description of Λ binding energies in a wide mass num-
ber region [42, 43, 47]. However, in spin dependences
of the ESC08(a,b), problems were found in reproducing
the observed spin-doublet splitting energies [47]. It is
a demanded issue to test the spin dependences of the
ESC08 with systematic investigation of energy spectra
in p-shell AΛZ and consider possible modification of the
spin-dependent ΛN interactions in comparison with the
experimental data.
It is known from observed Λ binding energies that the
ΛN interactions are weak compared with the NN in-
teractions. Moreover, from observed energy spectra, the
spin-dependent ΛN interactions have been found to be
rather weak compared with the spin-independent ΛN
interactions, and therefore, they may give perturbative
contributions to structures of AΛZ. It means that the Λ
particle in AΛZ, an impurity embedded in nuclear sys-
tem, is regarded as a spectator probing the ΛN interac-
tions. In particular, energy spectra of (0s)Λ states can
be a good probe that detects rather directly the spin-
dependent ΛN interactions through the spin-dependent
mean-filed potential for the 0s-orbit Λ determined by
nuclear spin structure in core nuclei. In order to de-
scribe detailed energy spectra and understand properties
of the spin-dependent ΛN interactions, one needs a reli-
able structure model which can properly describe nuclear
structures, particularly, nuclear spin configurations. Fur-
thermore, for systematic studies of p-shell AΛZ, it is also
demanded to describe cluster structures in light-mass p-
shell nuclei. Cluster models can respond to the latter de-
mand, but in general they are not sufficient in describing
nuclear spin configurations in med-p-shell nuclei because
cluster breakings are not taken into account in the model.
Shell models are useful to investigate detailed spin con-
figurations, but it is not suitable to deal with remark-
able clustering as well as nuclear deformations because
of limitation of the model space. The antisymmetrized
molecular dynamics (AMD) model [48–51] is one of use-
2ful tools for systematic study of p-shell and sd-shell nu-
clei because it can describe cluster and spin structures in
the ground and excited states of general nuclei. A ver-
sion of the AMD model, variation after projection called
AMD+VAP, has been applied to various p-shell nuclei
including odd-odd nuclei and proved to be successful in
describing nuclear spin properties such as µ moments,
M1, and GT transitions [51–54]. The HAMD, which is
another version of the AMD applied to Λ hypernuclei by
one of the authors (M. I.) and his collaborators [39–43],
is also a promising approach for study of spin-dependent
ΛN interactions though its application is still limited.
The aim of the present work is to investigate energy
spectra in p-shell AΛZ and discuss spin dependences of
the ΛN interactions with microscopic structure model
calculations. In the previous works by one of the au-
thors (Y. K-E.), spin-averaged energy spectra of low-
lying (0s)Λ states have been investigated by applying the
cluster model for core nuclei and a single-channel poten-
tial model for a Λ particle with the spin-independent ef-
fective ΛN interactions [55]. In order to calculate en-
ergy spectra of AΛZ with spin-dependent effective ΛN
interactions, here we apply the AMD+VAP model in
addition to the microscopic cluster model. The spin-
dependent ΛN interactions are perturbatively treated
in the AMD+VAP calculation. Comparing the calcu-
lated spin-doublet splitting energies with observed data
in p-shell AΛZ, we test spin dependences of the G-matrix
effective ΛN (ΛNG) interactions of the ESC08a model
[45–47]. A modification of the ESC08a ΛNG interac-
tion is proposed by phenomenological tuning of the spin-
dependent terms to adjust available data of energy spec-
tra. Using the modified ΛNG interactions, the spin-
dependent contributions of the ΛN interactions to energy
spectra are investigated. In addition, theoretical spectra
for unknown excited states in p-shell AΛZ and
19
Λ F are
predicted.
This paper is organized as follows. In the next sec-
tion, we explain the framework of the present calcula-
tion. The effective NN and ΛN interactions are ex-
plained in Sec. III. Structure properties of core nuclei
A−1Z are shown in Sec. IV. In Sec. V, results for AΛZ
and the modification of the spin-dependent ΛN interac-
tions are given. The paper is summarized in Sec. VI.
In appendixes A and B, validity of the folding potential
model approximation and spin rearrangement effects are
discussed, respectively.
II. FRAMEWORK
We apply two models to describe structures of core nu-
clear part. One is the microscopic cluster model with the
generator coordinate method (GCM) [56, 57], which has
been used in the previous works [55, 58], and the other
is the AMD+VAP. The framework of the AMD model is
explained, for example, in Ref. [51]. For details of the
frameworks, see those papers and references therein.
In the cluster model with the GCM, the dynamical
inter-cluster motion is taken into account by means of
superposition of cluster wave functions having various
inter-cluster distances. However, the cluster model con-
tains only a part of intrinsic-spin configurations because
it ignores cluster breaking. To overcome this problem of
the cluster model and investigate spin-dependent contri-
butions of the ΛN interactions to energy spectra, we ap-
ply the AMDmodel. A basis AMD wave function is given
by a Slater determinant of single-nucleon Gaussian wave
functions, in which Gaussian centroids and intrinsic-spin
orientations of all nucleons are independently treated as
variational parameters. The AMD model does not rely
on a priori assumption of clusters and can describe the
cluster breaking and cluster formation. Compared with
the cluster model, the AMD is a flexible model, in par-
ticular, for intrinsic-spin degrees of freedom. However, in
description of dynamical inter-cluster motion, the present
AMD+VAP calculation is more limited than the cluster
model because only a few AMD configurations are super-
posed.
The ΛN interactions contain spin-independent (V0)
and spin-dependent (V1) parts as,
VΛN = V0 + V1. (1)
The spin-independent part (V0) is dominant and gives
leading contributions, whereas the spin-dependent part
(V1) is relatively weak. In the present calculation, we first
consider the spin-independent ΛN interaction V0 as the
leading part for the mean potential of the 0s-orbit Λ, and
then perturbatively take into account the spin-dependent
ΛN interaction V1. For p-shell
A
ΛZ, we investigate the
leading contributions with cluster and AMD models us-
ing only V0 by ignoring the spin dependence of the ΛN
interactions. In order to investigate the spin-dependent
contributions from V1, we apply the AMD model. For
19
Λ F, we investigate the leading and perturbative contri-
butions with the microscopic cluster model of 16O+p+n.
A. Calculations of core nuclei with microscopic
structure models
1. Cluster model with GCM for p-shell nuclei
Core nuclei A−1Z in AΛZ are calculated with the mi-
croscopic cluster model in the same way as the previ-
ous calculations for p-shell Λ and double-Λ hypernuclei
in Refs. [55, 58]. In the model, microscopic AN -nucleon
wave functions are expressed by the Brink-Bloch clus-
ter wave functions [59] and superposed by means of the
GCM. Here, AN = A − 1 is the mass number of core
nuclei. The cluster wave functions of α + d, α + t, 2α,
2α + n, 2α + p, 2α + n2, 2α + d, 2α + t, 2α + h, 3α,
and 3α + h cluster wave functions are adopted for 6Li,
7Li, 8Be, 9Be, 9B, 10Be, 10B, 11B, 11C, 12C, and 15O
systems, respectively. d, n2, t, h, and α clusters are writ-
ten by harmonic oscillator (h.o.) 0s configurations. For
310Be, 11B, 11C, and 12C, additional configurations are
included in the model space to take into account cluster
breaking components as explained in Ref. [58]. Namely,
the 6He+α wave functions [60] are added to the 2α+n2
wave functions for 10Be, and the p3/2 configurations are
added to the 2α + t, 2α + h, and 3α cluster wave func-
tions for 11B, 11C and 12C [55, 61]. Those cluster models
(with and without additional configurations) are denoted
by the label “CL” in the paper. The h.o. width param-
eter ν of clusters is commonly chosen as ν = 0.235 fm−2
for AN ≤ 12 nuclei. For 15O, the value ν = 0.16 fm−2
which reproduces the nuclear size of the p-closed 16O is
used.
The Brink-Bloch cluster wave function for a AN -
nucleon system consisting of C1, . . . , Ck clusters is de-
noted as ΦBB(S1, . . . ,Sk) with the parameters Sj (j =
1, . . . , k) of cluster center positions. k is the number of
clusters. To take into account inter-cluster motion, the
GCM is applied to the angular-momentum and parity
projected Brink-Bloch cluster wave functions with re-
spect to the generator coordinates Sj . The wave func-
tion ΨN (I
pi
n ) for the nuclear angular momentum and
parity Ipin state is given by a linear combination of the
Brink-Bloch wave functions with various configurations
of {S1, . . . ,Sk} as
ΨN(I
pi
n ) =
∑
S1,...,Sk
∑
K
c
Ipi
n
S1,...,Sk,K
P IpiMKΦBB(S1, . . . ,Sk),
(2)
where P IpiMK is the angular momentum and parity projec-
tion operator. The coefficients c
Ipi
n
S1,...,Sk,K
are determined
by solving Griffin-Hill-Wheeler equations [56, 57], which
is equivalent to the diagonalization of the Hamiltonian
and norm matrices,
〈ΦBB(S1, . . . ,Sk)P IpiMK |HN |P IpiMK′ΦBB(S′1, . . . ,S′k)〉,
〈ΦBB(S1, . . . ,Sk)P IpiMK |P IpiMK′ΦBB(S′1, . . . ,S′k)〉.
HereHN is the Hamiltonian of the nuclear part described
later.
For the α + d and 2α wave functions, S1 and S2 are
chosen to be S1−S2 = (0, 0, d) with the generator coor-
dinate d = {1, 2, · · · , 15 fm} of the inter-cluster distance.
For the α + t wave functions, d = {1, 2, · · · , 8 fm} are
adopted to obtain a bound state solution for the reso-
nance state 7Li(7/2−1 ) corresponding to a bound state
approximation. For configurations of 2α + n2, 2α + d,
2α+ t, 2α+ h, and 3α cluster wave functions, S1,2,3 are
chosen to be
S1 − S2 = (0, 0, d), (3)
S3 − A2S1 +A1S2
A1 +A2
= (r sin θ, 0, r cos θ), (4)
with d = {1.2, 2.2, . . . , 4.2 fm}, r = {0.5, 1.5, . . . , 4.5
fm}, and θ = {0, pi/8, . . . , pi/2}. Here Ai is the mass
number of the Ci cluster. For 2α + n(p) configurations,
d = {1.2, 2.2, . . . , 6.2 fm}, r = {0.5, 1.5, . . . , 6.5 fm}, and
θ = {0, pi/8, . . . , pi/2} are used to describe remarkable
clustering in 9Be(9B). For 15O, the 3α+h configurations
are restricted to be pyramid configurations with a regular
triangle 3α and a h cluster on the vertical axis passing
though the center of the 3α plane. The side d of the trian-
gle and the hight r are chosen to be d = {0.5, 1.5, . . . , 3.5
fm} and r = {0.5, 1.5, . . . , 4.5 fm}.
2. AMD+VAP for p-shell nuclei
The AMD+VAP method is applied for p-shell nuclei
to investigate contributions of the spin-dependent ΛN
interactions in AΛZ. In the AMD framework, a basis wave
function is given by a Slater determinant
ΦAMD(Z) =
1√
AN !
A{ϕ1, ϕ2, ..., ϕAN }, (5)
where A is the antisymmetrizer, and ϕi is the ith single-
particle wave function written by a product of spatial,
spin, and isospin wave functions,
ϕi = φXiχiτi, (6)
φXi(rj) =
(
2ν
pi
)3/4
exp
[−ν(rj −Xi)2], (7)
χi = (
1
2
+ ξi)χ↑ + (
1
2
− ξi)χ↓, (8)
where φXi and χi are the spatial and intrinsic-spin func-
tions, respectively, and τi is the isospin function fixed to
be proton or neutron. The width parameter ν is chosen
to be the same value as that used in the cluster model.
The AMD wave function is specified by a parameter set
Z ≡ {X1, . . . ,XAN , ξ1, . . . , ξAN}. The Gaussian cen-
troids Xi and intrinsic-spin orientations ξi of all nucle-
ons are independently treated as variational parameters
in the energy variation. Owing to the flexibility of spatial
and intrinsic-spin configurations of single-nucleon Gaus-
sian wave packets, the AMD wave function can express
various cluster structures with cluster breaking degrees
of freedom as well as various intrinsic spin configurations.
Moreover, it can also describe shell-model wave functions
because of the antisymmetrization.
In the AMD+VAP, the energy variation is done af-
ter the angular-momentum and parity projections in the
AMD model space as
δ
δXi
〈ΨN (Ipi)|HN |ΨN(Ipi)〉
〈ΨN(Ipi)|ΨN (Ipi)〉 = 0, (9)
δ
δξi
〈ΨN (Ipi)|HN |ΨN(Ipi)〉
〈ΨN (Ipi)|ΨN (Ipi)〉 = 0, (10)
ΨN (I
pi) = P IpiMKΦAMD(Z), (11)
in order to obtain the optimum solution of the parameter
set Z for the lowest Ipi states. For higher Ipi states, the
VAP is done for the component orthogonal to the lower
Ipi states already obtained by the VAP. The method is a
version of the AMD and usually called the AMD+VAP.
In this paper, it is simply denoted as the AMD.
43. Microscopic three-body model for 18F
For 18F, we use the microscopic 16O+p+n wave func-
tions adopted in the previous study of 18F [62]. The
wave functions are written in the form of the Brink-Bloch
cluster wave functions for C1 = p, and C2 = n, and
C3 =
16 O and are superposed with the GCM. The same
parametrization of the generator coordinates as Ref. [62]
is used,
S1 = (iqx, ry, 8D/9), (12)
S2 = (−iqx,−ry, 8D/9), (13)
S3 = (0, 0,−D/9). (14)
In the present calculation, D = {1, 2, . . . , 7 fm} are cho-
sen. For all D values, the coordinate set (qx, ry) = (0, 0)
is used corresponding to the d cluster. In addition,
qx = {0.5, 1, 1.5, 2 fm} and ry = {0, 1 fm} are used for
D = 2 fm and qx = {1, 2 fm} and ry = {0, 1 fm} are used
forD = 3, 4, 5 fm to take into account the d-cluster break-
ing at the nuclear surface by the nuclear spin-orbit inter-
actions from 16O. In the total angular momentum pro-
jection P JpiMK , |K| = 1 components are adopted. Higher
|K| states are not included to save computational costs
in numerical integration of the Euler angles in the pro-
jection. The wave functions are automatically projected
onto the isospin T = 0 eigen states because of the |K| = 1
projection.
The inert 16O cluster is assumed in the 16O + p + n
model. In order to see possible 4α-cluster vibration effect
in 16O, a 4α + p + n model is also applied in the calcu-
lation of the leading V0 contribution. We use the label
“CL” for the former model (16O+ p+ n) with the inert
16O cluster and CL-4α for the latter one (4α + p + n)
with the 16O vibration. In the CL-4α model, regular
tetrahedral 4α configurations with the length of a side
r = 0.5, 1.5, 2.5 fm are adopted in the GCM. As shown
later, the vibration effect is found to be minor.
4. Nuclear energy and density
The Hamiltonian of the nuclear part consists of the
kinetic terms, effective NN interactions, and Coulomb
interactions as follows,
HN =
AN∑
i
1
2mN
p2i−TG+
AN∑
i<j
VNN (i, j)+
Z∑
i<j
Vcoulomb(rij)
(15)
where TG is the center of mass (cm) kinetic energy,
VNN is the effective NN interactions, and Vcoulomb is
the Coulomb interaction in the AN -nucleon system. The
nuclear energy EN = 〈ΨN (Ipin )|HN |ΨN(Ipin )〉 and nuclear
density ρI
pi
N (r) are calculated for the nuclear wave func-
tions ΨN (I
pi
n ) (normalized as |〈ΨN (Ipin )|ΨN (Ipin )〉| = 1)
obtained with the CL and AMD models. In the calcula-
tion of the nuclear energy and density, the cm motion of
core nuclei is removed exactly and the radial coordinate
r in ρI
pi
N (r) is defined by the distance from the cm of core
nuclei.
B. Λ single-particle state with folding potential
model in Λ hypernuclei
1. Λ wave function
The Λ wave functions in Λ hypernuclei are calculated
by assuming a 0s-orbit Λ within a folding potential model
as done in the previous work [55]. In the folding potential
model, the Λ-nucleus potential is obtained by folding the
spin-independent ΛN central interactions (V0) with the
nuclear density ρI
pi
N . The single-particle Hamiltonian hΛ,0
for a 0s-orbit Λ around the core is given as
hΛ,0 =
1
2µΛ
p2r + U0(ρ
Ipi
N ; r), (16)
µΛ =
(A− 1)mNmΛ
(A− 1)mN +mΛ . (17)
The nuclear density matrix in the exchange potential
is approximated with the density matrix expansion in
the local density approximation [63] as done in the
previous works. For a given nuclear density ρI
pi
N (r)
of the core nucleus Ipi state, the single-particle en-
ergy εΛ,0(ρ
Ipi
N ) and wave function φΛ,0(ρ
Ipi
N ; r) are cal-
culated with the Gaussian expansion method [64, 65].
In Appendix A, we compare the approximately calcu-
lated Λ-potential energies 〈φΛ,0|U0(ρ)|φΛ,0〉 in 7ΛLi(Ipi =
1+, 3+) with those of the microscopically calculated val-
ues 〈ΨN (Ipi)φΛ,0|V0|ΨN (Ipi)φΛ,0〉. It is found that the
approximation in the exchange potential gives only mi-
nor contribution to energy spectra.
In the cluster model calculation of AΛZ with A ≤ 13,
we take into account the core polarization, i.e., the nu-
clear size change induced by the Λ through the spin-
independent ΛN central interactions (V0) in the same
way as done in the previous works. It should be com-
mented that, in the previous works, the core polarization
in A > 10 hypernuclei was found to be small and gives
only minor effect to energy spectra. The core polariza-
tion is omitted in the cluster model calculation of 16Λ O and
19
Λ F for simplicity. In the AMD calculation, we adopt the
frozen core approximation without the core polarization.
Namely, we omit the core polarization and use the nu-
clear wave functions obtained for isolate A−1Z systems
without the Λ.
C. Energy contributions of spin-dependent ΛN
interactions
Energy contributions of the spin-dependent part V1 of
the ΛN interactions in AΛZ(J
pi) are perturbatively calcu-
lated as 〈ΨA
Λ
Z(J
pi)|V1|ΨA
Λ
Z(J
pi)〉 by using the unpertur-
5bative A-body microscopic wave functions
ΨA
Λ
Z(J
pi) = [ΨN(I
pi
n )φΛ,0χΛ]J , (18)
obtained with V0. Here χΛ is the Λ-spin function coupling
with the nuclear spin I to the total angular momentum
J . In the present perturbative treatment, modification
of the Λ wave function by V1 is omitted. Moreover, rear-
rangement of spin configurations by the V1 contribution
is ignored. We checked the spin rearrangement effect to
energy spectra and found that it is mostly minor unless
energies of two Jpi states for different Ipi are close to each
other.
D. Calculation procedure
The procedures of the present calculation are summa-
rized below. The calculation is done in three steps as
follows.
1. Calculation of the core nuclear part is performed
with two kinds of structure models, cluster and
AMD models. (For 19Λ F, two kinds of cluster model
calculations are done.) The nuclear wave func-
tion ΨN(I
pi), nuclear energy EN (I
pi), and nuclear
density ρI
pi
N (r) for
A−1Z(Ipi) are obtained with the
Hamiltonian given by Eq. (15).
2. Using the nuclear density ρI
pi
N obtained in the first
step, the 0s-orbit Λ state in AΛZ is calculated by the
folding potential model with the spin-independent
part V0 of the ΛN interactions. The Λ single-
particle energy εΛ,0(ρ
Ipi
N ) and the Λ wave function
φΛ,0(ρ
Ipi
N ) are obtained with the Hamiltonian given
by Eq. (16). The core polarization is taken into ac-
count in the cluster model calculations of AΛZ with
A ≤ 13. It is omitted in other calculations.
3. The energy contributions from the spin-dependent
part V1 of the ΛN interactions are perturbatively
calculated with the unperturbative wave functions
ΨA
Λ
Z(J
pi) given by ΨN(I
pi
n ) and φΛ,0, which are ob-
tained in the first and second steps, respectively.
The spin rearrangement and φΛ,0 change induced
by V1 are ignored. The third step calculation is
done by using the nuclear wave functions ΨN (I
pi
n )
obtained with the AMD (for 19Λ F, that with the
cluster model).
E. Energies
The ΛN interactions (VΛN ) contains the spin-
independent part (V0) and the spin-dependent part (V1).
We take into account four spin-dependent terms of V1 as
V1 = Vσ + VSΛ + VSN + VT , (19)
where Vσ, VSΛ , VSN , and VT are the spin-spin (σΛ ·σN ),
the Λ-spin spin-orbit (l · sΛ), the nucleon-spin spin-orbit
(l ·sN ), and the tensor (S12) terms, respectively. Follow-
ing the notation usually used in the shell model (SM) cal-
culations [26–28], we denote the contributions from Vσ,
VSΛ , VSN , and VT terms as the ∆σ, SΛ, SN , and T con-
tributions, respectively. The ΛΣ contribution from the
ΛΣ coupling is ignored in the present calculation. In this
section, we explain definitions of energies and respective
contributions.
1. Total energy and excitation energy
The total energy of AΛZ is given as
EA
Λ
Z(J
pi) = EN (I
pi)+εΛ,0(ρ
Ipi
N )+〈ΨA
Λ
Z(J
pi)|V1|ΨA
Λ
Z(J
pi)〉.
(20)
We regard the sum of the first and second terms as the
leading term contributed from V0 and the third term as
the perturbative term from V1. In the present paper, we
evaluate energies of AΛZ in two ways as follows. In the
first calculation, we evaluate both the leading and the
perturbative terms with the AMD model calculation as
EA
Λ
Z(J
pi) = EAMDN (I
pi) + εAMDΛ,0 (ρ
Ipi
N )
+ 〈ΨAMDA
Λ
Z (J
pi)|V1|ΨAMDA
Λ
Z (J
pi)〉, (21)
where EAMDN , ε
AMD
Λ,0 , and Ψ
AMD
A
Λ
Z
are the nuclear energy,
Λ single-particle energy, and AΛZ wave function obtained
by the AMD. This is a consistent calculation, in which
the V0 and V1 contributions are calculated with the AMD.
However, inter-cluster motion is not necessarily described
sufficiently in the present AMD calculation because of the
number of basis wave functions is limited as mentioned
previously. The inter-cluster motion may give important
contributions, in particular, to the leading term. There-
fore, we also adopt an alternative way of energy evalua-
tion by replacing the leading terms with those obtained
by the CL calculation as
EA
Λ
Z(J
pi) = ECLN (I
pi) + εCLΛ,0(ρ
Ipi
N )
+ 〈ΨAMDA
Λ
Z (J
pi)|V1|ΨAMDA
Λ
Z (J
pi)〉, (22)
which we call the “CL+AMD” calculation. Here ECLN
and εCLΛ,0 are the nuclear energy and Λ single-particle en-
ergy obtained by the CL with V0.
In both the AMD and CL+AMD calculations, excita-
tion energies are given by the energy difference between
the ground and excited states as
Ex(J
pi) = EA
Λ
Z(J
pi)− EA
Λ
Z(gs). (23)
2. The spin-averaged energies
The spin-averaged energy E¯A
Λ
Z(I
pi) is defined by the
energy averaged for the spin-doublet partners Jpi> and J
pi
<
6in AΛZ states for the core .
A−1Z(Ipi) state. It is given by
sum of the leading and perturbative terms corresponding
to the V0 and V1 contributions as
E¯A
Λ
Z(I
pi) = E¯A
Λ
Z,0(I
pi) + 〈VSN 〉A
Λ
Z(Ipi), (24)
E¯A
Λ
Z,0(I
pi) = EN (I
pi) + εΛ,0(ρ
Ipi
N ), (25)
〈VSN 〉A
Λ
Z(Ipi) = 〈ΨA
Λ
Z(J
pi)|VSN |ΨA
Λ
Z(J
pi)〉. (26)
The perturbative term is contributed by the SN term of
the spin-dependent ΛN interactions (VSN in V1). Note
that, in the present calculation without the spin rear-
rangement, the SN contribution has no Λ-spin depen-
dence and depends only on the core nuclear spin Ipi. The
spin-averaged binding energy B¯A
Λ
Z(I
pi) is given by the
sum of leading and perturbative terms as
B¯Λ(I
pi) = B¯Λ,0(I
pi) + B¯Λ,SN (I
pi), (27)
B¯Λ,0(I
pi) = EA−1Z(I
pi)− E¯A
Λ
Z,0(I
pi), (28)
B¯Λ,SN (I
pi) = −〈VSN 〉A
Λ
Z(Ipi), (29)
where B¯Λ,0 and B¯Λ,SN are the V0 and SN contributions
to B¯Λ, respectively. The spin-averaged excitation energy
E¯x(I
pi) is defined as
E¯x(I
pi) = E¯A
Λ
Z(I
pi)− E¯A
Λ
Z(gs). (30)
We define the spin-averaged excitation energy shift
δΛ(E¯x) induced by the Λ in
A
ΛZ by the difference from
the original excitation energy Ex(
A−1Z) in the ordinary
nucleus A−1Z as
δΛ(E¯x(I
pi)) = E¯x(I
pi)− Ex(A−1Z; Ipi). (31)
The energy shift δΛ(E¯x) can be separated into two com-
ponents of the V0 and SN contributions
δΛ(E¯x(I
pi)) = δΛ,0(E¯x(I
pi)) + δΛ,SN (E¯x(I
pi)). (32)
In the calculation without the core polarization, the first
and second components are given by energy differences
in εΛ,0 and SN contributions, respectively, between the
ground and excited states as
δΛ,0(E¯x) = εΛ,0(ρ
Ipi
N )− εΛ,0(ρgsN ), (33)
δΛ,SN (E¯x) = 〈VSN 〉A
Λ
Z(Ipi)
−〈VSN 〉A
Λ
Z(gs). (34)
3. spin-doublet splitting energy
The splitting energy between spin-doublet Jpi> and J
pi
<
states is given as
EA
Λ
Z(J
pi
>)− EA
Λ
Z(J
pi
<). (35)
Here the splitting energy is defined by the energy of
the Jpi> state measured from the J
pi
< state, and a neg-
ative splitting energy means the reverse ordering case
EA
Λ
Z(J
pi
>) < EA
Λ
Z(J
pi
<). In the present perturbative treat-
ment, the splitting energy is sum of ∆σ, SΛ, and T con-
tributions,
〈ΨA
Λ
Z(J
pi
>)|Vσ,SΛ,T |ΨA
Λ
Z(J
pi
>)〉 − 〈ΨA
Λ
Z(J
pi
<)|Vσ,SΛ,T |ΨA
Λ
Z(J
pi
<)〉.
III. EFFECTIVE INTERACTIONS
A. Effective NN interactions
As for the effective NN interactions, the finite-range
NN interactions of the Volkov central and G3RS spin-
orbit forces [66, 67] are adopted. These interactions are
widely used in structure studies of p-shell nuclei.
TABLE I: Parameter sets of the Volkov+G3RS NN interac-
tions and the k¯F parameters of the ESC08a ΛNG interaction
in the CL, AMD, and AMD’ calculations with the hybrid kF
treatment.
NN central NN spin-orbit
set Volkov No.2 G3RS [MeV]
NN-a m = 0.60, b = h = 0.125 u1 = −u2 = 1600
NN-a’ m = 0.60, b = h = 0.06 u1 = −u2 = 1300
NN-b m = 0.57, b = h = 0.125 u1 = −u2 = 1200
NN-c m = 0.62, b = h = 0.125 u1 = −u2 = 820
CL AMD AMD’
A
ΛZ set k¯F set k¯F set k¯F
7
ΛLi NN-b 0.93 NN-b 0.96
8
ΛLi NN-b 0.91 NN-b 0.96
9
ΛBe NN-a 0.90 NN-a 0.96 NN-a’ 0.95
10
Λ Be NN-a 0.95 NN-a 0.97 NN-a’ 0.98
10
Λ B NN-a 0.94 NN-a 0.96 NN-a’ 0.97
11
Λ Be NN-a 1.04 NN-a 1.10 NN-a’ 1.05
11
Λ B NN-a 1.03 NN-a 1.06 NN-a’ 1.06
12
Λ B NN-a 1.07 NN-a 1.12 NN-a’ 1.11
12
Λ C NN-a 1.06 NN-a 1.12 NN-a’ 1.10
13
Λ C NN-a 1.11 NN-a 1.18 NN-a’ 1.15
16
Λ O NN-a 1.14 NN-a 1.21 NN-c 1.20
19
Λ F NN-c 1.18
These effective NN interactions have adjustable pa-
rameters, which are usually tuned AN - and model-
dependently. The interaction parameters used in the
present calculation are summarized in Table I. The de-
fault parameter sets are the same as those used for the
cluster model calculations in the previous works [55, 58].
They are w = 0.40, m = 0.60, and b = h = 0.125 of the
Volkov No.2 and u1 = −u2 = 1600 MeV of the G3RS for
Be, B, C, and O, and w = 0.43, m = 0.57, b = h = 0.125,
and u1 = −u2 = 1200 MeV for 6Li and 7Li. In this pa-
per, the former and the latter sets are called NN-a and
NN-b, respectively. For 19Λ F, the set (labeled by NN-c) of
w = 0.38, m = 0.62, b = h = 0.125, and u1 = −u2 = 820
MeV is used. The NN-c was tuned so as to describe spec-
tra in 17O and 18F with the 16O+n and 16O+p+n cluster
model calculations [62]. The CL calculation with these
default parameters of the NN interactions globally de-
scribes low-lying energy spectra in core nuclei. However,
the AMD calculation with the default parameters some-
7times fails to reproduce the experimental energy spectra
in such nuclei as 10B and 15O. Instead of the NN-a, we
also use an alternative set (NN-a’) of modified parameters
w = 0.40, m = 0.60, b = h = 0.06, and u1 = −u2 = 1300
MeV, which have been used in the AMD calculation of
10B [54]. For the AMD calculation of 15O, we try the
NN-c. In most cases, the modifications of NN interac-
tion parameters give only minor changes of nuclear struc-
tures except for energy spectra. We use the label AMD
for the AMD calculation with the default parameters of
the NN interactions, and the label AMD’ for the AMD
calculation with the set NN-a’ (for 16Λ O, the label AMD’
for the calculation with the set NN-c).
The parameter sets of effective NN interactions are
summarized in Table I.
B. Λ-N interactions
We use the ΛNG interactions, which are derived with
the G-matrix theory from the the Nijmegen extended-
soft-core (ESC) model. The ΛNG interactions used here
are even and odd central, triplet-odd spin-orbit, and
triplet-odd tensor interactions as
VΛN = V0 + Vσ + VSΛ + VSN + VT , (36)
V0 = v
e
0(r)Pˆ (E) + v
o
0(r)Pˆ (O) (37)
Vσ =
[
veσ(r)Pˆ (E) + v
o
σ(r)Pˆ (O)
]
(σΛ · σN ) (38)
VSΛ = v
o
SΛ(r)Pˆ (O)(l · sΛ) (39)
VSN = v
o
SN (r)Pˆ (O)(l · sN ) (40)
VT = v
o
T (r)Pˆ (O)S12 (41)
Pˆ (E) =
1 + Pr
2
(42)
Pˆ (O) =
1− Pr
2
. (43)
For simplicity, the Λ-N relative momentum p in the l =
r × p term of the spin-orbit interactions VSΛ and VSN is
approximated to be p = (pN − pΛ)/2 corresponding to
the equal mass (mN = mΛ) approximation.
We start from the ESC08a version of the ΛNG in-
teractions [45–47], and then consider tuning of its spin-
dependent terms as described in later. In Ref. [47], the
original ESC08a ΛNG interaction is given by three-range
Gaussian local potentials. ve,o0,σ(r) for the central interac-
tions V0 and Vσ are written as
ve,o0,σ(kF , r) =
3∑
i=1
2∑
n=0
ce,o0,σ(n, i)k
n
F exp
[
−
(
r
βi
)2]
,(44)
ce0(n, i) = c
1E
n,i + c
3E
n,i, (45)
co0(n, i) = c
1O
n,i + c
3O
n,i, (46)
ceσ(n, i) = c
3E
n,i − 3c1En,i, (47)
coσ(n, i) = c
3O
n,i − 3c1On,i, (48)
with the Gaussian range parameters β1 = 0.5 fm, β2 =
0.9 fm, and β3 = 2.0 fm. The density dependence is
taken into account by the kF parameter. The values of
c1En,i, c
3E
n,i, c
1O
n,i, and c
3E
n,i for the ESC08a are listed in Table
II of Ref. [47].
TABLE II: Parameters of triplet-odd Λ-spin spin-orbit (VSΛ)
and tensor (VT ) terms in the ESC08a ΛNG interaction at
kF = 1.0 fm
−1 from Ref. [47].
i = 1 i = 2 i = 3
VSΛ
β′i [fm] 0.4 0.8 1.2
coSΛ [MeV] 2772 −106.6 −0.864
coSN [MeV] −684 −129.8 −4.538
VT
βi[fm] 0.5 0.9 2
coT [MeV] 10.37 0.0181 0.017
For the spin-orbit and tensor interactions, we use the
density-independent interactions fixed at kF = 1.0 fm
−1
as
voSΛ,SN (r) =
3∑
i=1
coSΛ,SN (i) exp
[
−
(
r
β′i
)2]
, (49)
voT (r) =
3∑
i=1
coT (i)r
2 exp
[
−
(
r
βi
)2]
. (50)
The values of range and strength parameters taken from
Ref. [47] are listed in Table II.
For the kF parameter in the central interactions, there
are a couple of treatments. One is the density-dependent
(DD) kF treatment called “averaged density approxi-
mation (ADA)”, and another is the density-independent
(DI) kF treatment with a fixed kF value. The ΛNG in-
teractions generally have density dependence reflecting
nuclear medium effects, which are taken into account in
the G-matrix theory. ESC08 versions of the ΛNG inter-
actions was originally designed as density-dependent in-
teractions to globally reproduce the Λ binding energies of
A
ΛZ in a wide mass number region [42, 43, 47], whereas
the DI kF treatment has been often used in studies of
energy spectra of p-shell hypernuclei. In the previous
works [55, 58], applicability of the DD and DI kF treat-
ments for description of p-shell AΛZ energy spectra has
been tested focusing on excitation energy shifts by Λ par-
ticle. The DD kF treatment is found to be not suitable
to describe the observed excitation energy shifts in AΛZ.
The DI kF treatment can describe a trend of the excita-
tion energy shifts but tends to overestimate the observed
values. It suggests that a moderate density-dependence
weaker than the DD kF treatment is favored, and there-
fore the intermediate version (hybrid kF treatment) be-
tween DD and DI has been proposed as an alternative
8kF treatment in Ref. [58]. In the present calculation, we
adopt the hybrid kF treatment described as follows.
In the DD kF treatment (ADA), the kF is taken to be
kF = 〈kF 〉Λ, where 〈kF 〉Λ is the averaged Fermi momen-
tum for the Λ distribution as
〈kF 〉Λ =
[
3pi2
2
〈ρN 〉Λ
]1/3
. (51)
In the hybrid kF treatment, the average of the DD and
DI interactions are used. Namely, the kF parameter is
chosen to be
knF = (1− e)k¯nF + e〈kF 〉nΛ, (52)
with a weight factor e = 0.5. Here k¯F is the fixed input
parameter. In the DD and hybrid kF treatments, 〈kF 〉Λ
is self-consistently determined for each state in the Λ-
nucleus potential model. In the hybrid kF treatment,
the input parameter k¯F is chosen for each system and
taken to be the mean value of 〈kF 〉Λ determined by the
DD kF treatment for the ground and excited states of
the system. The used values of the input parameter k¯F
in the hybrid kF treatment are shown in Table I.
IV. PROPERTIES OF CORE NUCLEI A−1Z
In order to investigate energy spectra in AΛZ, it is im-
portant that the structure models properly reproduce the
structure properties such as energy spectra and radii of
core nuclear states (A−1Z) without a Λ. In particular,
nuclear spin properties of core nuclei A−1Z are essential
to discuss spin-dependent contributions of the ΛN in-
teractions in AΛZ. In this section, we show the calculated
result for A−1Z. In addition to energy spectra of A−1Z, a
particular attention is paid on spin configurations, which
are directly reflected in spin-doublet splittings in AΛZ.
A. Energies and radii of core nuclei A−1Z
The excitation energies calculated with the CL, AMD,
AMD’ and experimental values are summarized in Table
III. The calculated energy spectra depend on the adopted
NN interactions as well as the structure models. The CL
result reasonably describes the low-lying energy spectra
of p-shell nuclei. The AMD generally gives similar results
to the CL, but there are some exceptions. For example,
excitation energies of 10B(1+) and 15O(3/2−) states are
much overshot by the AMD calculation. The excitation
energies of these states strongly depend on the strength
of the NN spin-orbit interactions. The overshooting is
improved in the AMD’ calculation because of the weaker
NN spin-orbit interactions in the NN-a’ and NN-c than
that in the NN-a.
Table IV shows the comparison of root-mean-square
(rms) radii (Rp) of proton distribution obtained by the
CL and AMD calculations as well as the experimental
values reduced from rms charge radii. The AMD cal-
culation generally gives smaller Rp values than the CL
calculation because the dynamical inter-cluster motion is
not sufficiently taken into account in the present AMD.
On the other hand, the CL model tends to give larger Rp
than the AMD because the cluster breaking is not taken
into account in the model. This is the major reason why
we adopt the two typical nuclear models, CL and AMD,
in this paper. The experimental values are found to be
in between theoretical values of two calculations.
B. Spin configurations and magnetic moments of
core nuclei A−1Z
Spin configurations are not so sensitive to choice of
NN interactions as the energy spectra except for p3/2-
shell closed nuclei such as 10Be, 11B, 11C, and 12C.
In AΛZ with odd-odd and even-odd (odd-even) core
nuclei, the spin-doublet splitting sensitively reflects the
z component Sz of the total nuclear intrinsic-spin S
through the σΛ · σN term in the ∆σ contribution. It
is able to check reliability of structure models for spin
properties in comparison of µ moments in A−1Z between
theory and experiment. The AMD and AMD’ results for
µ moments and nuclear intrinsic-spin and orbital angler
momentum in nuclear states (A−1Z) are shown in Table
III together with the experimental µ moments. The cal-
culation reasonably reproduces the experimental µ mo-
ments indicating that spin configurations of core nuclei
are reasonably described with the AMD model.
In Z = N odd-odd nuclei, 6Li, 10B, and 18F, Ipi =
1+ and Ipi = 3+ states are dominantly described by pn
pairs in L = I − 1 states with the intrinsic spin S = 1,
which is approximately aligned to the total nuclear spin
(I) as indicated by 〈Sz〉 ≈ 1. In particular, in 6Li and
18F states, α + pn and 16O + pn structures are formed,
respectively, and µ moments of 1+, 3+, and 5+ states
are close to the values µ = 0.88, 1.88 and 2.88 µN for
the ideal S = 1 pn pairs in the L = 0, 2, and 4 states,
respectively.
In even-odd and odd-even nuclei, a valence nucleon
spin s = 1/2 tends to align to the total nuclear spin
in Ipi = 3/2− states, but the alignment is not necessar-
ily perfect because of significant configuration mixing as
seen in deviation from Sz = 0.5. In I
pi = 1/2− states, Sz
is roughly equal to sz = −1/6 for the p1/2 single-particle
contribution, but non-negligible configuration mixing is
contained as indicated by the µ moments slightly deviat-
ing from the Schmidt values (µShchmidt = −0.79 µN for a
proton and 0.64 µN for a neutron) except for
15O(1/2−).
In 15O(1/2−), the spin configuration is understood by
almost the pure p1/2 hole configuration.
In Z = N = 2n nuclei, nα-cluster structures are fa-
vored. Particularly, the 8Be(0+, 2+) states have remark-
able 2α-cluster structures and almost pure S = 0 com-
ponents. On the other hand, the 12C(0+) and 12C(2+)
states contain significant S 6= 0 components because of
93α-cluster breaking. The S 6= 0 mixing is sensitive to the
NN spin-orbit interactions especially in 12C(0+). The
mixing in 12C(0+) is less in the AMD’ than the AMD
because of the weaker NN spin-orbit interaction. Com-
pared with 12C(0+), the S 6= 0 component in 12C(2+)
is relatively small and not so sensitive to the NN inter-
actions, but it still gives non-negligible ∆σ and T con-
tributions to the spin-doublet splitting in 13Λ C spectra as
discussed later.
V. RESULTS OF Λ HYPERNUCLEI: AΛZ
A. Averaged structure properties of AΛZ states
obtained with spin-independent ΛN interactions
In this subsection, we show calculated results of av-
eraged structure properties of AΛZ states obtained with
the leading part V0 (spin-independent) of the ΛN inter-
actions without the perturbative part V1.
Table V shows the calculated results of the Λ binding
energies (B¯Λ,0), rms radii of the Λ and nuclear distri-
butions (rΛ and RN ), and averaged Fermi momentum
(〈kF 〉Λ) obtained with the CL and AMD. The experi-
mental data of the the Λ binding energy (BΛ) and spin-
averaged one (B¯Λ) are shown for comparison. The sys-
tematics of the observed Λ binding energies is reasonably
described by the leading part V0 of ECS08a(Hyb) inter-
action. The model dependence of B¯Λ,0 between the CL
and AMD is not so strong. Quantitatively, the Λ bind-
ing is slightly deeper in the AMD than the CL except for
12
Λ B(3/2
−
gs),
12
Λ C(3/2
−
gs), and
13
Λ C(0
+), because the AMD
tends to give smaller nuclear radii RN , i.e., the higher
nuclear density contributing the deeper Λ-core potential.
The Λ distribution size (rΛ) is larger than the nuclear
matter distribution size (RN ) in light-mass
A
ΛZ because
of small Λ binding energies. With increase of the mass
number A, rΛ becomes gradually small as the Λ bind-
ing becomes deep. The nuclear matter radii RN increase
with the increase of A, and in heavy-mass p-shell AΛZ it
is eventually as large as rΛ. Densities of Λ and nuclear
distributions are shown in Fig. 1. The mass number de-
pendence of the Λ distribution is very mild compared
with that of nuclear matter distributions.
B. Tuning of spin-dependence of ΛN interactions
The ∆σ term of the ESC08(a,b) ΛNG interaction is
known to be inappropriate to describe the observed spin-
doublet splitting energies. For example, the ESC08a
gives the reverse ordering of the J> and J< states in
12
Λ C and
11
Λ B for the ground state core nuclei inconsis-
tently with the experimental observation as pointed out
in Ref. [47]. Other spin-dependent terms of the ESC08a
ΛNG interaction have not been well tested yet. In
the present work, we phenomenologically tune the spin-
dependent terms of the ESC08a ΛNG interaction by
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FIG. 1: (color online) Distributions of the Λ (ρΛ(r)) and nu-
clear matter (ρN(r)) densities in
7
ΛLi,
8
ΛLi,
11
Λ B,
12
Λ C,
16
Λ O,
and 19Λ F obtained with the CL calculation using the spin-
independent ΛN interactions (V0).
modifying the original strength parameters to describe
energy spectra in p-shell Λ hypernuclei as follows.
• For the spin-independent term V0, the original pa-
rameters are used.
• The ∆σ term (Vσ) is adjusted so as to globally de-
scribe the 3/2−-1/2− and 7/2−-5/2− splittings in
7
ΛLi and
11
Λ B, which are dominantly contributed by
the ∆σ term because of the total nuclear intrinsic-
spin S = 1 component. The even and odd parts of
Vσ are multiplied by factors of 2 and 0.3, respec-
tively.
• For the T term (VT ), the observed value of the 1−-
0− splitting in 16Λ O is used as an input parameter for
tuning. In the 1−-0− splitting, the T contribution
is relatively large compared with other systems and
cancels the ∆σ contribution. The strength of VT is
multiplied by a factor of 6 to fit the small 1−-0−
splitting observed in 16Λ O.
• The spin-orbit terms (VSΛ and VSN ) are not mod-
ified. These contributions in splitting energies are
generally small and it is difficult to definitely deter-
mine these terms without ambiguity from existing
data, and therefore, these terms are tentatively left
as they are. However, it is likely that a larger VSΛ
term with a factor of ∼ 2 than the original one
is favored to reproduce the 5/2+-3/2+ splitting in
9
ΛBe.
10
As a result, above modifications v(r) → v˜(r) are ex-
pressed as
v˜e,o0 (r) = v
e,o
0 (r), (53)
v˜e,oσ (r) = f
e,o
σ v
e,o
σ (r), (54)
v˜oSΛ(r) = fSΛv
o
SΛ(r), (55)
v˜oSN (r) = fSN v
o
SN (r), (56)
v˜oT (r) = fT v
o
T (r), (57)
with f eσ = 2, f
o
σ = 0.3, fSΛ = fSN = 1, and fT = 6.
We call the ESC08a ΛNG interaction with thus modi-
fied spin dependence (msd) “ESC08a-msd”. In the fol-
lowing sections, we first show the crucial problem of the
original spin-dependent interactions of ESC08a in repro-
ducing the experimental spin-doublet splitting energies
and how the results are improved by the modified inter-
actions, ESC08a-msd. Then, we discuss the details of
energy spectra in AΛZ based on the calculations with the
ESC08a-msd, which we use as the default ΛN interac-
tions unless otherwise specified.
C. Spin-doublet splitting energies: general features
The spin-doublet splitting energies and respective
contributions calculated with the original ESC08a and
ESC08a-msd interactions are shown in Table VI together
with the experimental data. Significant splittings have
been experimentally observed for such core nuclear states
as A−1Z(1+1 ) and
A−1Z(3+1 ) in Z = N odd-odd nuclei
and A−1Z(3/2−gs) and
A−1Z(5/2−1 ) in even-odd and odd-
even core nuclei. However, the original ESC08a ΛNG
interaction gives opposite-sign splitting energies, namely,
the reverse ordering of the spin-doublet partners because
opposite-sign contributions from the odd term of Vσ dom-
inate the ∆σ contributions. It is a crucial problem of the
spin dependence of the original ESC08a as pointed out
in Ref. [47]. In contrast, the spin-doublet splitting ener-
gies are reasonably reproduced by the ESC08a-msd with
the modified spin-dependence of the ΛN interactions.
The significant splittings observed for A−1Z(1+1 ) and
A−1Z(3+1 ) of Z = N odd-odd nuclei, and
A−1Z(3/2−gs)
and A−1Z(5/2−1 ) of even-odd and odd-even core nuclei
are described by the dominant ∆σ contributions in the
present AMD calculation with the ESC08a-msd. T con-
tributions are usually small compared with dominant ∆σ
contributions except for core A−1Z(1/2−) states in odd-
even and even-odd nuclei, in which the T and ∆σ con-
tributions are comparable order and almost cancel with
each other. The SΛ term gives minor contributions in
general.
The present result of splitting energies is compared
with SM calculations in Table VII. Each contribution is
also compared with that of the SM calculation by Mil-
lener et al. [28]. In general, the ∆σ, SΛ, and T con-
tributions obtained in the present calculation are sim-
ilar to those of the Millener’s SM calculation. This
is a natural consequence because, in both calculations,
spin-dependent contributions are phenomenologically ad-
justed to fit the observed splitting energies in p-shell AΛZ.
The present AMD calculation with the ESC08a-msd
interaction, reasonably describes the global feature of
observed data of spin-doublet splittings in p-shell AΛZ
though agreements with the experimental value are not
so precise as the Millener’s SM calculation [28]. It should
be commented that, in the Millener’s SM calculation,
the spin-dependent ΛN interaction parameters are in-
dependently adjusted to the light- and heavy-mass p-
shell regions, whereas in the present calculation the mass-
number independent ΛN interactions are used.
Let us discuss the NN interaction dependence of split-
ting energies. In Table VIII, we compare the AMD re-
sult (the stronger NN spin-orbit interaction) and the
AMD’ result (the weaker NN spin-orbit interaction).
The difference of the NN spin-orbit interaction causes
slight difference in the nuclear intrinsic-spin configura-
tions. Generally, weaker NN spin-orbit interaction en-
hances the LS-coupling component and reduces the jj-
coupling component (the cluster breaking). However, in
most cases, the NN interaction difference between the
AMD’ and AMD gives only minor difference in the split-
tings because nuclear intrinsic-spin configurations are not
so sensitive to the NN interactions as shown in Table III.
D. Spin-doublet splitting energies: characteristics
in cases of odd-odd, even-odd(odd-even), and
even-even core nuclei
We here discuss characteristics of splitting energies
in cases of odd-odd, even-odd(odd-even), and even-even
core nuclei based on the AMD results with the ESC08a-
msd in Table VI and the comparison with the SM calcu-
lations in Table VII.
1. Case of Z = N odd-odd core nuclei: 3/2+-1/2+ and
7/2+-5/2+ splittings in 7ΛLi,
11
Λ B, and
19
Λ F
In the case of AΛZ with Z = N odd-odd core nuclei,
one of the characteristics of T = 0 states is remarkably
large splitting energies because of the dominant nuclear
intrinsic-spin S = 1 component contributed by two va-
lence nucleons, a proton and a neutron. As shown in Ta-
ble III, the core nuclear states, Ipi = 1+, 3+, and 5+ have
S = 1 and T = 0 pn pairs in the L = 0, 2, and 4 waves
as dominant components, respectively. The aligned nu-
clear intrinsic-spin Sz ≈ 1 provides the significant ∆σ
contribution in the splitting.
The mass number dependence of ∆σ comes from the
difference in spatial overlap between valence nucleon and
Λ orbits. In 19Λ F, the 0s-orbit Λ has a smaller overlap
with the sd-orbit proton and neutron than in 7ΛLi and
11
Λ B having the valence proton and neutron in the p-shell.
In each AΛZ system, higher J states tend to have smaller
11
splittings because of negative contributions from the T
and SΛ terms.
The splittings in 7ΛLi have been investigated in details
by the OCM (semi-microscopic) cluster model calculation
with the NSC97f ΛNG interactions [14]. In the OCM
calculations with the NSC97f, the ∆σ contribution in
the 3/2+-1/2+(7/2+-5/2+) splitting is ∆σ = 0.71(0.54)
MeV with even and odd contributions, ∆eσ = 1.10(1.04)
MeV and ∆oσ = −0.39(−0.50) MeV, respectively. In
the present AMD with the ESC08a-msd, it is ∆σ =
0.52(0.47) MeV with ∆eσ = 0.75(0.72) MeV and ∆
o
σ =
−0.22(−0.25) MeV. The present result is qualitatively
consistent with but quantitatively slightly smaller than
the OCM calculation and also slightly underestimates the
experimental data. For more precise reproduction of the
splittings in 7ΛLi, higher order effects beyond the s-wave
Λ approximation should be taken into account.
For 19Λ F, the AMD calculation gives the 3/2
+-1/2+
splitting of 0.249 MeV, which reasonably agrees with the
experimental value 0.315 MeV recently observed by the
γ-ray measurement [4]. For the 7/2+-5/2+ and 11/2+-
9/2+ splittings in 19Λ F, the present calculation predicts
smaller splittings than the 3/2+-1/2+ splitting because
of the cancellation of the dominant ∆σ contribution by
opposite-sign T and SΛ contributions. Our result is con-
sistent with Millener’s SM prediction but seems apprecia-
bly different from the prediction estimated with NSC97f
G-matrix interaction by Umeya et al. [90].
2. Case of even-odd and odd-even core nuclei: splittings in
8
ΛLi,
10
Λ Be,
12
Λ B,
12
Λ C,
16
Λ O
In AΛZ with even-odd and odd-even core nuclei, the
2−-1− and 3−-2− splittings for core Ipi = 3/2− and 5/2−
states are moderate. They are mainly contributed by
the valence nucleon spin S = 1/2 in the p-shell through
the ∆σ term. The exception is the splitting for the core
7Li(5/2−) state, which is described by the t cluster or-
biting in the L = 3 wave around the α cluster. In the
Ipi = 5/2− state, the t-cluster intrinsic-spin S = 1/2 is
coupling with the L = 3 with the anti-parallel orienta-
tion, and gives a negative contribution to the splitting.
As a result, the ordering of the 3− and 2− states are re-
verse in 8ΛLi. As for the splittings in
10
Λ Be, our result is
similar to the SM predictions in Refs. [28, 88]. On the
other hand, the four-body OCM cluster model calcula-
tion [16] gives quite small values in 10Λ Be as 0.08 MeV and
0.05 MeV for the 2−-1− and 3−-2− splittings, which are
inconsistent with our result and SM predictions.
In 8ΛLi,
10
Λ Be,
12
Λ B,
12
Λ C, and
16
Λ O, the 1
−-0− splittings
for core Ipi = 1/2− states are remarkably small because
significant negative contributions of the tensor (T ) term
cancels the ∆σ contribution. As pointed out by Millener,
this cancellation is essential to describe the small 1−-
0− splitting observed in 16Λ O. Indeed, the Millener’s SM
calculation predicts the small 1−-0− splittings in 8ΛLi,
10
Λ Be,
12
Λ B, and
12
Λ C, and our result is consistent with
it. The 1−-0− splitting is experimentally known only
for 16Λ O but not for other
A
ΛZ. In both the present and
Millener’s SM calculations, the value for 16Λ O is used as
an input data in phenomenological tuning of the spin-
dependent ΛN interactions. In order to check validity of
the tensor term of the spin-dependent ΛN interactions,
experimental data for other systems are requested.
Let us turn to the 2−-1− splitting in 12Λ B(
12
Λ C) for the
excited core, Ipi = 3/2−2 state. The nuclear intrinsic-
spin and orbital angular momentum coupling in the
11B(3/2−2 )(
11C(3/2−2 )) state is quite different from that
in the ground state, Ipi = 3/2−1 (cf. Table III). The
Ipi = 3/2−2 state dominantly contains the nuclear orbital
angular momentum L = 2 excitation coupled with a p-
orbit valence nucleon as [p3/2,1/2 ⊗ L = 2]J=3/2 as indi-
cated by the large 〈L2〉 in Table III. Because of the sig-
nificant coupling with L = 2, the nuclear intrinsic-spin of
the p3/2 valence nucleon is not aligned to the I direction,
and therefore, gives a relatively small ∆σ contribution to
the 2−-1− splitting in 12Λ B(
12
Λ C). On the other hand, the
T and SΛ terms give negative contributions. As a result,
the AMD (AMD’) calculation give the negative values
−0.045(−0.071) and −0.047(−0.073) MeV of the total
2−-1− splittings namely, the reverse ordering for the core
states 11B(3/2−2 ) and
11C(3/2−2 ), respectively (cf. Tables
VI and VIII). The experimental value of this splitting has
not been determined yet. The 1− state at 6.050 MeV in
12
Λ C has been determined by the γ-ray measurement [87],
whereas the 1− and 2− states in 12Λ B are not separated
but both are included in the peak observed at 5.92±0.13
MeV in the (e, e′K+) reaction experiment [77]. Provided
that the Coulomb shift between mirror states in 12Λ C-
12
Λ B is the same as that in
11C-11B, the 2−-1− splitting
for Ipi = 3/2−2 is estimated to be −0.215 MeV. The re-
verse ordering is consistent with the AMD prediction, but
quantitatively the agreement is not so good. The nega-
tive splitting (reverse ordering) is also predicted by the
SM calculation (theoretical value is −0.122 MeV) [89].
More detailed experimental spectra are demanded to de-
termine the splitting energy.
3. Case of even-even Z = N core nuclei: 5/2+-3/2+
splitting in 9ΛBe and
13
Λ C
For 9ΛBe and
13
Λ C, we discuss spin-dependent contri-
butions in the 5/2+-3/2+ splittings for the excited core
states, 8Be(2+1 ) and
12C(2+1 ). The splittings are generally
small because nα-cluster structures are favored and the
nuclear intrinsic-spin is almost saturated. In 9ΛBe, since
the core state 8Be(2+1 ) has the ideal 2α-cluster structure
with the relatively L = 2 wave, the ∆σ and T contri-
butions almost vanish and only the SΛ term contributes
to the splitting. It means that the 5/2+-3/2+ splitting
in 9ΛBe can be a sensitive probe to test the SΛ term of
the ΛN interactions. A tiny splitting −0.023 MeV is
obtained in the AMD calculation. In the present calcu-
lation, the strength of the SΛ term is not modified. If
12
the strength is tuned to fit the observed value −0.043, a
slightly stronger SΛ term by a factor of ∼ 2 is favored.
This modification of the SΛ term gives only minor effects
to the splittings in other systems.
In 13Λ C, the core state
12C(2+1 ) contains the slight S 6= 0
component because of 3α-cluster breaking as can be seen
in non-zero expectation value 〈S2〉 6= 0 in Table III. The
S 6= 0 component from the cluster breaking gives non-
negligible ∆σ and T contributions, which cancel the neg-
ative SΛ contribution in the 5/2
+-3/2+ splitting (see Ta-
ble VIII). Consequently, the predicted 5/2+-3/2+ split-
ting in 13Λ C is a small positive value, 0.064 MeV in the
AMD and 0.026 MeV in the AMD’ result. The differ-
ence between the AMD and AMD’ results originates in
the nuclear spin-orbit interaction dependence of the clus-
ter breaking in the core state. If the twice stronger SΛ
interaction adjusted to the 5/2+-3/2+ splitting in 9ΛBe is
adopted, further cancellation occurs in 13Λ C.
The ΛN spin-orbit splittings in 9ΛBe and
13
Λ C have been
investigated by the 2α- and 3α-cluster OCM calculations
[12]. In the OCM cluster model calculations, the nuclear
intrinsic-spin completely vanishes and only the SΛ term
contributes to the 5/2+-3/2+ splittings because α clus-
ters are assumed. The cluster OCM calculations with
the NSC97f predicted the negative 5/2+-3/2+ splittings
as −0.16 MeV in 9ΛBe and −0.29 MeV in 13Λ C. Com-
pared with the later observed value −0.043 MeV in 9ΛBe,
the prediction suggests that the SΛ term of the NSC97f
interaction may be too strong.
E. SN contributions to energy spectra and BΛ
1. Excitation energy shifts
In the present perturbative treatment of the spin-
dependent part V1 of the ΛN interactions, the SN term
gives no contribution to the spin-doublet splitting but
contributes to the spin-averaged excitation energy shift
δΛ(E¯x(I
pi)). The spin-averaged excitation energy shift
originates in the nuclear structure difference between the
ground and excited states, and is given by two contri-
butions, the V0 contribution (δΛ,0(E¯x)) and the SN con-
tribution (δΛ,SN (E¯x)), as explained in Eq. (32). The V0
contribution reflects mainly the difference in the core nu-
clear size, whereas the SN contribution is sensitive to
that in the nuclear intrinsic-spin and orbital angular mo-
mentum configurations.
Table IX shows the V0 and SN contributions in δΛ(E¯x)
as well as total values obtained by AMD and CL+AMD
calculations together with the experimental data. In
both the calculations, the SN contributions are calcu-
lated with the AMD except for 19Λ F as explained pre-
viously. The expectation values 〈VSN 〉 calculated with
the AMD are also shown in the table. In Fig. 2, the
V0 contributions and the total excitation energy shifts
are shown compared with observed values of δΛ(E¯x). As
shown in the table and figure, the CL calculation tends
to give larger V0 contributions than the AMD calcula-
tion because it gives larger size difference between the
ground and excited states. The SN contributions are
relatively minor in light-mass nuclei, whereas they are
comparable or even larger than the V0 contributions in
heavy-mass nuclei. Both the AMD and CL+AMD calcu-
lations qualitatively describe systematic behavior of the
experimental δΛ(E¯x) in p-shell
A
ΛZ. Quantitatively, the
CL+AMD (AMD) calculation more or less overestimates
(underestimates) the observed data in the A ≥ 11 region.
In Figs. 2(c) and (d), we also show the CL+AMD’
result of δΛ(E¯x) to see the NN spin-orbit interac-
tion dependence. Note that the difference between the
CL+AMD and CL+AMD’ calculations is the difference
in the SN contribution between the AMD and AMD’
calculations. In most states except for 12Λ B(I
pi = 3/2−2 )
and 13Λ C(I
pi = 2+), difference between two calculations is
rather small indicating that the dependence in the excita-
tion energy shift is minor. However, significant difference
is found in 12Λ B(I
pi = 3/2−2 ) and
13
Λ C(I
pi = 2+), in which
nuclear intrinsic-spin configurations are sensitive to the
NN spin-orbit interaction as seen in Table IX. In these
states, the SN contribution is smaller in the AMD’ calcu-
lation because of the less cluster breaking than the AMD
calculation.
Let us discuss the 16O core vibration effect to the V0
contribution in 16Λ O and
19
Λ F, which are taken into account
in the CL calculation of 16Λ O and the CL-4α calculation
of 19Λ F. For
19
Λ F, the CL-4α result is compared with the
CL one, and for 16Λ O, the AMD result is compared with
the CL+AMD one in Table IX. In both systems, the 4α
vibration gives only minor effect in the total excitation
energy shifts.
2. SN contributions to binding energies B¯Λ
The SN term of the ΛN interactions also contributes
to the Λ binding energies B¯Λ. In particular, spin-orbit
favored states in core nuclei gain much potential en-
ergy because the 0s-orbit Λ enhances the single-nucleon
(mean) spin-orbit potential through the l · sN term in
VSN . Its expectation value in the ground state is noth-
ing but the SN contribution to the Λ binding energies as
B¯Λ,SN = −〈VSN 〉. As expected, the SN term gives non-
negligible contributions to B¯Λ for the spin-orbit favored
ground states such as 11Λ Be(I
pi = 0+), 11Λ B(I
pi = 3+),
12
Λ B(I
pi = 3/2−gs),
12
Λ C(I
pi = 3/2−gs), and
13
Λ C(I
pi = 0+),
whereas it gives minor contributions to well clustered
states in light-mass AΛZ (see Table IX). There remains
ambiguity in the result because the SN contribution de-
pends on the NN spin-orbit interaction. For 11Λ Be(I
pi =
0+), 11Λ B(I
pi = 3+), 12Λ B(I
pi = 3/2−gs),
12
Λ C(I
pi = 3/2−gs),
and 13Λ C(I
pi = 0+), the AMD’ result of 〈VSN 〉 is about
half of the AMD result as 〈VSN 〉 = −0.27, −0.36, −0.38,
−0.38 and −0.30 in MeV, respectively. Another ambi-
guity comes from the VSN term of the ΛN interactions,
which has not been checked yet in the present work.
13
F. Energy spectra
Energy spectra in 7ΛLi,
11
Λ B,
12
Λ C,
16
Λ O, and
19
Λ F are
shown in Figs. 3 and 4. For 7ΛLi and
12
Λ C, spectra calcu-
lated with the AMD and CL+AMD are shown, and for
19
Λ F those with the CL calculation are shown. For
11
Λ B and
16
Λ O, the spectra obtained with the CL+AMD and AMD’
are shown. In the figures, the original energy spectra in
A−1Z, spin-averaged energy spectra in AΛZ, and spectra
in AΛZ are shown in the left, middle, and right columns,
respectively.
1. Energy spectra of 7ΛLi and
11
Λ B
In the spin-averaged energy spectra in 7ΛLi and
11
Λ B,
the excitation energy of 6Li(3+) is shifted downward in
7
ΛLi(3
+), whereas that of 10B(1+) is shifted upward in
11B(1+) because of the V0 and SN contributions (cf. Ta-
ble IX). In the energy spectra in 7ΛLi and
11
Λ B, the signif-
icant spin-doublet splitting occurs mainly because of the
∆σ term contributed by S = 1 pn pairs around the α-
and 2α-cluster structures, respectively.
The present result of excitation energy shifts and spin-
doublet splitting energies in 7ΛLi and
11
Λ B are qualita-
tively consistent with the experimental spectra. Strictly
speaking, however, the agreement with the energy spec-
tra is not perfect. For example, the excitation energies
of 7ΛLi(7/2
+) and 7ΛLi(5/2
+) are underestimated, in par-
ticular, by the CL calculation. The reason may be that
the s-orbit Λ approximation is not enough for the core
nucleus 6Li having the remarkable α + d cluster struc-
ture, and may overestimate the energies of 7ΛLi(3/2
+) and
7
ΛLi(1/2
+) for the core 6Li(1+) state. In order to discuss
detailed energy spectra in 7ΛLi, more precise calculations
with microscopic three-body or four-body cluster models
are needed needed as has been tried in Refs. [11, 14].
2. Energy spectra of 12Λ C
Available data of energy spectra in 12Λ C are reason-
ably reproduced by the calculations. The excitation ener-
gies for 11C(1/2−), 11C(5/2−), and 11C(3/2−2 ) are signif-
icantly raised because of the stronger binding energy be-
tween Λ and 11C(3/2−gs) (cf. Table V). The spin-doublet
splittings for the core 11C(3/2−gs) and
11C(5/2−) are mod-
erate because, as a leading oder, one valence nucleon spin
contributes to the splittings. The spin-doublet splittings
have not been measured yet except for the 2−1 -1
−
1 split-
ting in 12Λ C. For the core excited state,
11C(3/2−2 ), the
negative splitting energy, i.e., the reverse ordering of the
spin-doublet states is predicted. The present prediction
is supported by the experimental excitation energy of the
mirror 2− state in 12Λ B measured by the production cross
section analysis [77].
3. Energy spectra of 16Λ O
The experimental spectra in 16Λ O are reproduced well
by the calculations. The spin-averaged excitation energy
for the core 15O(3/2−) state is shifted upward by the Λ
mainly because of the SN contribution. The V0 contribu-
tion to the excitation energy shift is minor. The AMD’
and CL+AMD results are similar indicating that the vi-
bration effect in the 16O core is minor because the 15O
structure is rather robust differently from fragile cluster
structures of light-mass p-shell nuclei. The spin-doublet
splittings for the core states, 15O(1/2−) and 15O(3/2−),
are tiny and moderate, respectively, reflecting the nuclear
spin configurations in the core nucleus.
4. Energy spectra of 19Λ F
The recently observed 0.315 MeV and 0.895 MeV γ-
rays are assigned to the M1 3/2+ → 1/2+ and E2
5/2+ → 1/2+ transitions, respectively [4]. The calcu-
lated value 0.25 MeV of the 3/2+-1/2+ splitting is in rea-
sonable agreement with the observed value 0.315 MeV.
The 3/2+-1/2+ splitting is contributed mainly by the ∆σ
term, which reflects the dominant nuclear intrinsic-spin
S = 1 component of a pn pair in the L = 0 wave. For
the 7/2+ and 5/2+ states, a smaller splitting 0.18 MeV
than the 3/2+-1/2+ splitting is predicted because of the
cancellation of the ∆σ contribution by the T and LΛ con-
tributions as discussed previously.
Let us discuss the detail of the excitation energy
Ex(5/2
+) in 19Λ F. The experimental energy shift
−0.042 MeV of 19Λ F(5/2+) is reduced from the observed
Ex(5/2
+) = 0.895MeV in 19Λ F and Ex(3
+)=0.937MeV in
18F. The calculated energy shift is −0.03 (−0.07) MeV in
the CL (CL4α+CL) calculations. The result reasonably
agrees with the experimental data. In the CL calcula-
tion, the SN and V0 contributions are −0.05 MeV and
−0.04 MeV, respectively. In addition, the spin-doublet
splitting energy gives positive contribution of +0.07 MeV
to the excitation energy shift because it causes larger
energy gain in the ground 19Λ F(1/2
+) state than the
19
Λ F(5/2
+) state. For more detailed discussion, the ex-
perimental measurement of the excitation energy for the
spin-doublet partner 19Λ F(7/2
+) is highly requested.
VI. SUMMARY
Energy spectra of 0s-orbit Λ states in p-shell Λ hy-
pernuclei (AΛZ) and those in
19
Λ F were studied with the
AMD+VAP and microscopic cluster model using the
ΛNG interactions. The spin-dependent terms of the
ESC08a ΛNG interaction were tested in comparison of
the calculated energy spectra with the observed ones. A
modification of the spin-dependence of the ESC08a ΛNG
interaction was proposed by phenomenological tuning of
14
the spin-spin (σΛ · σN ) and tensor (S12) terms to adjust
available data of energy spectra in p-shell AΛZ.
The spin-dependent contributions of the ΛN interac-
tions to spin-doublet splittings were discussed. In the
case of odd-odd, even-odd, and odd-even core nuclei,
the ∆σ contribution is usually dominant, whereas the T
and SΛ contributions are relatively minor in most cases.
There are some exceptions such as Ipi = 1/2− states in
even-odd and odd-even core nuclei, in which the signifi-
cant tensor contribution cancels the ∆σ contribution. In
13
Λ C, the cluster breaking component gives non-negligible
contributions to the splitting energy for the core 12C(2+)
state through the ∆σ and tensor terms of the ΛN inter-
actions. The V0 and SN contributions to the excitation
energy shifts were also discussed. Calculated energy spec-
tra as well as spin-averaged energy spectra in AΛZ were
compared with experimental data. The calculations rea-
sonably reproduce the observed spectra in p-shell AΛZ and
19
Λ F.
The extensive data of p-shell AΛZ observed by high-
resolution γ-ray measurements are useful information to
obtain comprehensive understanding of the energy spec-
tra and structures of Λ hypernuclei. Moreover, they are
useful to test the effective ΛN interactions in hypernuclei.
In particular, the spin-doublet splitting is good probe to
check the spin-dependence of the ΛN interactions. In
the present systematic investigation of energy spectra in
A
ΛZ, we proposed the modified spin-dependent ΛN in-
teractions which can reasonably reproduce the observed
spin-doublet splitting energies in p-shell AΛZ. The present
work may shed a light on spin-dependence of the effective
ΛN interactions in p-shell AΛZ and enable us to predict
spectra for unobserved excited states. In order to explore
such systematic investigations of Λ hypernuclei in a wide
mass number region, further γ-ray spectroscopic studies
of Λ hypernuclei in heavier mass regions are requested.
In the present work, two models, the AMD+VAP and
microscopic cluster models, were adopted. The former
is useful to treat nuclear intrinsic-spin configurations in
detail, whereas the latter is suitable to describe the dy-
namical inter-cluster motion. In order to investigate en-
ergy spectra in AΛZ precisely, further advanced frame-
works that can describe details of intrinsic-spin configu-
rations as well as dynamical structure change are needed.
The HAMD method is one of the promising tools. The
ambiguity in the effective NN interactions is also a re-
maining problem to be solved.
Appendix A: Comparison between the folding
potential approximation and the microscopic
calculation of V0
In the present calculation, the Λ wave functions are
obtained by folding the spin-independent central term
(V0) of the ΛN interactions. The nuclear density matrix
in the exchange potential is approximated with the den-
sity matrix expansion in the local density approximation
[63]. We discuss here its validity of the approximation
for energy spectra in 7ΛLi.
In Table X, the approximated Λ-potential energy
〈φΛ,0|U0(ρIpiN )|φΛ,0〉 is compared with the microscopi-
cally calculated energy 〈ΨA
Λ
Z(J
pi)|V0|ΨA
Λ
Z(J
pi)〉. Here,
ΨA
Λ
Z(J
pi) = [ΨN (I
pi
n )φΛ,0χΛ]J is the microscopic A-body
wave function for AΛZ and φΛ,0(ρ
Ipi
N ; r) is fixed to be that
obtained by the folding potential model. It should be
noted that, in the folding potential model, the nuclear
density ρI
pi
N is defined for intrinsic wave functions of
A−1Z
without the cm motion, and the Λ recoil effect is prop-
erly taken into account. However, the microscopic A-
body wave function ΨA
Λ
Z contains the cm motion. For
consistency, we also perform the approximated and the
microscopic calculations of the Λ-potential energy by us-
ing the nuclear density ρI
pi
N,cm with the cm motion instead
of ρI
pi
N without the cm motion. As shown in the table, er-
rors of the approximation are only < 7% and < 2% in the
Λ-potential energy calculated with ρI
pi
N and ρ
Ipi
N,cm, respec-
tively. Moreover, the errors are almost state-independent
and give only global shifts meaning that the approxima-
tion gives minor effect to energy spectra.
Appendix B: Core rearrangement effect to
spin-doublet splitting energy
In the present perturbative treatment of the spin-
dependent part (V1) of the ΛN interactions, the nu-
clear spin rearrangement is ignored. Generally, its effects
are expected to be minor because V1 is relatively weak
compared with the NN interactions and also the spin-
independent part (V0) of the ΛN interactions. Possible
exception is the case that two energy levels with the same
Jpi eventually exist close to each other. In order to see
nuclear spin rearrangement effects, we calculate the en-
ergy spectra of 8ΛLi,
10
Λ Be,
12
Λ C, and
16
Λ O with the AMD by
diagonalization of the full Hamiltonian including V0 and
V1 terms of the ΛN interactions. The spin-doublet split-
tings calculated with and without the rearrangement are
compared in Table XI. One can see that the rearrange-
ment effect is minor in most of states.
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TABLE III: Nuclear properties of excitation energies (Ex [MeV]), magnetic moments (µ [µN ]), and intrinsic-spin and orbital
angular momentum expectation values in A−1Z. The AMD and AMD’ results are shown. For excitation energies, The CL
result of Ex is also shown. For
18F, the CL result is shown. The experimental data are from Refs. [68–71]
A−1Z Ipi exp CL AMD AMD’ exp AMD AMD’
Ex Ex Ex Ex µ µ 〈Sz〉 〈S
2〉 〈L2〉 µ 〈Sz〉 〈S
2〉 〈L2〉
6Li 3+ 2.186 2.08 2.00 − 1.88 1.00 2.00 6.00
6Li 1+gs 0.822 0.88 1.00 2.00 0.00
7Li 7/2− 4.630 4.75 4.88 − 3.74 0.52 0.82 11.92
7Li 5/2− 6.680 unbound 7.17 − −0.99 −0.35 0.77 11.96
7Li 3/2−gs 3.256 3.13 0.50 0.79 2.04
7Li 1/2− 0.478 0.49 0.79 − −0.74 −0.16 0.78 2.02
8Be 2+ 3.040 3.11 3.34 3.34 − 1.00 0.00 0.02 6.01 1.00 0.00 0.01 6.01
8Be 0+gs − 0.00 0.00 0.02 0.02 0.00 0.00 0.02 0.02
9Be 5/2− 2.429 2.02 2.27 2.22 − −0.78 0.44 0.76 6.46 −0.89 0.46 0.76 6.29
9Be 3/2−gs −1.178 −1.13 0.37 0.76 2.64 −1.23 0.40 0.76 2.52
9Be 1/2− 2.780 2.20 3.23 2.53 − 0.83 −0.17 0.76 2.00 0.84 −0.17 0.75 2.00
10Be 2+ 3.368 3.21 3.67 3.51 − 1.11 0.11 0.75 6.09 0.83 0.05 0.32 6.03
10Be 0+gs − 0.00 0.00 0.74 0.74 0.00 0.00 0.37 0.37
10B 3+gs 1.801 1.82 0.85 2.07 7.25 1.83 0.86 2.03 7.14
10B 1+ 0.718 1.21 4.15 1.87 0.63(2) 0.76 0.69 2.01 1.24 0.77 0.70 2.01 1.21
11B 5/2− 4.445 4.66 3.98 2.87 − 3.77 0.51 1.15 6.37 3.81 0.49 0.91 6.24
11B 3/2−gs 2.689 2.32 0.26 1.26 3.74 2.27 0.25 0.95 3.43
11B 1/2− 2.125 2.79 2.77 1.22 − −0.61 −0.16 0.98 2.22 −0.60 −0.16 0.87 2.11
11B 3/2−2 5.020 5.57 6.09 4.08 − 0.75 −0.01 1.00 4.75 0.69 −0.04 0.85 4.79
11C 5/2− 4.319 4.50 3.87 2.84 − −0.88 0.50 1.14 6.38 −0.93 0.49 0.90 6.24
11C 3/2−gs −0.964 −0.63 0.26 1.25 3.74 −0.58 0.26 0.94 3.41
11C 1/2− 2.000 2.62 2.64 1.16 − 0.99 −0.16 0.97 2.21 0.98 −0.16 0.86 2.10
11C 3/2−2 4.804 5.35 5.91 4.01 − 0.76 −0.01 0.99 4.75 0.80 −0.04 0.84 4.79
12C 2+ 4.439 4.47 4.70 6.07 − 1.03 0.06 0.50 6.14 1.00 0.03 0.22 6.05
12C 0+gs − 0.00 0.00 0.95 0.95 0.00 0.00 0.28 0.28
15O 3/2− 6.176 5.65 9.88 0.96 − −1.82 0.49 0.81 2.11 −1.83 0.49 0.79 2.09
15O 1/2−gs 0.719 0.64 −0.16 0.83 2.06 0.64 −0.16 0.81 2.05
exp CL exp CL
A−1Z Ipi Ex Ex µ µ 〈Sz〉 〈S
2〉 〈L2〉
18F 5+ 1.124 0.94 2.86(3) 2.88 0.99 2.00 20.00
18F 3+ 0.937 0.92 1.77(12) 1.85 0.93 1.95 6.54
18F 1+gs − 0.81 0.81 1.94 6.00
18
TABLE IV: Proton radii in A−1Z nuclei obtained by the CL
and AMD calculations together with the experimental data.
The experimental values of proton radii are reduced from
charge radii [72].
A−1Z CL AMD exp
Rp [fm] Rp [fm] Rp [fm]
6Li 2.56 2.17 2.452
7Li 2.43 2.16 2.307
8Be 3.37 2.42 −
9Be 2.60 2.37 2.384
9B 2.86 2.52 −
10B 2.39 2.26 2.281
11B 2.30 2.18 2.263
11C 2.36 2.24 −
12C 2.35 2.16 2.326
15O 2.58 2.35 −
18F 2.74 − −
19
TABLE V: The averaged Λ binging energies (B¯Λ,0 [MeV]), rms radii of the Λ distribution (rΛ [fm]), mean kF values (〈kF 〉Λ
[fm−1]) , and rms radii of nuclear matter distribution (RN [fm]) in
A
ΛZ for core
A−1Z(Ipi) states. The results obtained by the
CL and AMD calculations with the spin-independent ΛN interactions (V0) are shown. The experimental Λ binding energies
(BΛ [MeV]) [1, 73–77] and the spin-averaged values (B¯Λ [MeV]) determined from spectroscopic studies [2, 77] are also listed.
A
ΛZ (I
pi) CL AMD exp
B¯Λ,0 rΛ 〈kF 〉Λ RN B¯Λ,0 rΛ 〈kF 〉Λ RN BΛ B¯Λ
7
ΛLi (3
+) 5.93 2.54 0.98 2.13 5.96 2.57 0.98 2.06 − −
7
ΛLi (1
+
gs) 5.35 2.64 0.93 2.32 5.66 2.63 0.94 2.17 5.58(3) 5.12(3)
8
ΛLi (7/2
−) 7.02 2.48 0.99 2.25 6.88 2.53 0.99 2.21 − −
8
ΛLi (5/2
−) 6.15 2.56 0.95 2.39 6.74 2.56 0.97 2.25 − −
8
ΛLi (3/2
−
gs) 6.68 2.55 0.96 2.34 6.73 2.56 0.97 2.25 − −
8
ΛLi (1/2
−) 6.48 2.58 0.94 2.39 6.68 2.57 0.97 2.26 − −
9
ΛBe (2
+) 5.15 2.58 0.94 2.59 7.41 2.58 0.95 2.42 − −
9
ΛBe (0
+
gs) 6.53 2.59 0.93 2.57 7.42 2.57 0.96 2.41 6.71(4) −
10
Λ Be (5/2
−) 7.96 2.52 0.99 2.55 8.15 2.55 0.98 2.52 − −
10
Λ Be (3/2
−
gs) 8.06 2.51 0.99 2.54 8.20 2.54 0.98 2.50 8.55(18) −
10
Λ Be (1/2
−) 7.33 2.60 0.95 2.71 7.80 2.60 0.95 2.60 − −
11
Λ Be (2
+) 9.10 2.45 1.07 2.37 9.02 2.45 1.10 2.22 − −
11
Λ Be (0
+
gs) 9.01 2.47 1.06 2.39 9.04 2.45 1.10 2.22 − −
11
Λ B (3
+
gs) 9.31 2.44 1.08 2.34 9.34 2.43 1.09 2.26 10.24(5) 10.09(5)
11
Λ B (1
+) 8.54 2.53 1.01 2.53 8.71 2.52 1.03 2.44 − −
12
Λ B (5/2
−) 9.46 2.47 1.07 2.45 9.67 2.43 1.13 2.25 − −
12
Λ B (3/2
−
gs) 10.06 2.40 1.13 2.29 9.76 2.42 1.14 2.21 11.38(2) 11.28(2)
12
Λ B (1/2
−) 9.49 2.47 1.07 2.45 9.61 2.44 1.12 2.28 − −
12
Λ B (3/2
−
2 ) 9.21 2.50 1.05 2.51 9.55 2.45 1.11 2.30 − −
12
Λ C (5/2
−) 9.51 2.47 1.07 2.46 9.65 2.44 1.12 2.26 − −
12
Λ C (3/2
−
gs) 10.14 2.40 1.13 2.30 9.73 2.42 1.14 2.22 10.76(19) 10.65(19)
12
Λ C (1/2
−) 9.55 2.47 1.07 2.46 9.58 2.45 1.11 2.29 − −
12
Λ C (3/2
−
2 ) 9.25 2.50 1.05 2.53 9.53 2.46 1.11 2.31 − −
13
Λ C (2
+) 10.03 2.46 1.10 2.44 9.94 2.43 1.17 2.21 − −
13
Λ C (0
+
gs) 10.44 2.41 1.15 2.31 9.99 2.42 1.19 2.16 11.69(12) −
16
Λ O (3/2
−) 11.53 2.47 1.13 2.61 11.48 2.43 1.20 2.38 − −
16
Λ O (1/2
−
gs) 11.71 2.45 1.15 2.57 11.57 2.42 1.22 2.32 12.42(5) 12.42(5)
19
Λ F (5
+) 12.65 2.48 1.17 2.70 − − − − − −
19
Λ F (3
+) 12.70 2.47 1.18 2.73 − − − − − −
19
Λ F (1
+
gs) 12.78 2.47 1.17 2.74 − − − − − −
20
TABLE VI: Spin-doublet splittings in AΛZ for core
A−1Z(Ipi) states obtained by the AMD calculation with the original (ESC08a)
and modified (ESC08a-msd) spin dependences of the ΛN interactions. The ∆σ, SΛ, T contributions as well as the total splitting
energies are listed. The experimental values of the splittings from Refs.[2, 4, 77–87] are also shown. aFor the experimental
value in 8ΛLi, the 442 keV γ-ray was tentatively attributed to the transitions in
8
ΛLi and
8
ΛBe [78].
A
ΛZ (I
pi) Jpi> J
pi
< Modified (ESC08a-msd) original (ESC08a) exp
∆σ SΛ T Total ∆σ Total
7
ΛLi (3
+) 7/2+ 5/2+ 0.474 −0.018 −0.061 0.396 −0.399 −0.427 0.471
7
ΛLi (1
+
gs) 3/2
+ 1/2+ 0.522 0.000 0.001 0.523 −0.423 −0.422 0.692
8
ΛLi (7/2
−) 4− 3− 0.291 −0.026 −0.045 0.219 −0.195 −0.229 -
8
ΛLi (5/2
−) 3− 2− −0.126 −0.026 0.041 −0.111 0.136 0.117 -
8
ΛLi (3/2
−
gs) 2
− 1− 0.286 −0.010 −0.024 0.252 −0.204 −0.218 0.442a
8
ΛLi (1/2
−) 1− 0− −0.117 −0.010 0.095 −0.032 0.089 0.095 -
9
ΛBe (2
+) 5/2+ 3/2+ −0.002 −0.018 −0.003 −0.023 −0.007 −0.025 -0.043
10
Λ Be (5/2
−) 3− 2− 0.206 −0.020 0.010 0.196 −0.106 −0.124 -
10
Λ Be (3/2
−
gs) 2
− 1− 0.192 −0.013 −0.021 0.159 −0.106 −0.122 -
10
Λ Be (1/2
−) 1− 0− −0.095 −0.011 0.099 −0.007 0.045 0.051 -
11
Λ Be (2
+) 5/2+ 3/2+ 0.098 −0.018 0.004 0.084 −0.068 −0.086 -
11
Λ B (3
+
gs) 7/2
+ 5/2+ 0.487 −0.020 −0.060 0.407 −0.374 −0.404 0.264
11
Λ B (1
+) 3/2+ 1/2+ 0.408 −0.004 −0.044 0.360 −0.253 −0.264 0.505
12
Λ B (5/2
−) 3− 2− 0.313 −0.020 0.059 0.352 −0.225 −0.235 -
12
Λ B (3/2
−
gs) 2
− 1− 0.172 −0.014 −0.055 0.103 −0.129 −0.152 0.179
12
Λ B (1/2
−) 1− 0− −0.130 −0.011 0.131 −0.010 0.096 0.106 -
12
Λ B (3/2
−
2 ) 2
− 1− 0.021 −0.017 −0.049 −0.045 −0.012 −0.037 -
12
Λ C (5/2
−) 3− 2− 0.313 −0.020 0.059 0.352 −0.225 −0.235 -
12
Λ C (3/2
−
gs) 2
− 1− 0.175 −0.014 −0.055 0.106 −0.132 −0.155 0.161
12
Λ C (1/2
−) 1− 0− −0.131 −0.011 0.130 −0.012 0.096 0.107 -
12
Λ C (3/2
−
2 ) 2
− 1− 0.018 −0.017 −0.048 −0.047 −0.010 −0.035 -
13
Λ C (2
+) 5/2+ 3/2+ 0.049 −0.019 0.034 0.064 −0.070 −0.083 -
16
Λ O (3/2
−) 2− 1− 0.328 −0.012 −0.034 0.282 −0.147 −0.164 0.224
16
Λ O (1/2
−
gs) 1
− 0− −0.167 −0.011 0.184 0.006 0.099 0.119 0.026
19
Λ F (5
+) 11/2+ 9/2+ 0.199 −0.019 −0.052 0.128 −0.372 −0.399 -
19
Λ F (3
+) 7/2+ 5/2+ 0.219 −0.011 −0.031 0.177 −0.328 −0.344 -
19
Λ F (1
+
gs) 3/2
+ 1/2+ 0.219 0.000 0.031 0.249 −0.356 −0.351 0.315
21
TABLE VII: Spin-doublet splittings in AΛZ for core
A−1Z(Ipi) states obtained by the AMD calculation with the ESC08a-msd
compared with the experimental and SM calculations. The ∆σ, SΛ, T contributions, and total splittings are listed together
with the Millener’s SM calculation [28]. ΛΣ and SN contributions in the Millener’s calculation are also shown. Other SM
calculations are taken from Refs. [88–90]. Information of the experimental values is explained in the caption of Table VI.
A
ΛZ (I
pi) Jpi> J
pi
< Present exp SM SM[28]
∆σ SΛ T Total Total Total ∆σ SΛ T ΛΣ SN
7
ΛLi (3
+) 7/2+ 5/2+ 0.474 −0.018 −0.061 0.396 0.471 0.494 0.557 −0.032 −0.071 0.074 −0.008
7
ΛLi (1
+
gs) 3/2
+ 1/2+ 0.522 0.000 0.001 0.523 0.692 0.693 0.628 −0.001 −0.009 0.072 −0.004
8
ΛLi (7/2
−) 4− 3− 0.291 −0.026 −0.045 0.219 - 0.307 − − − − −
8
ΛLi (3/2
−
gs) 2
− 1− 0.286 −0.010 −0.024 0.252 0.442a 0.445 0.393 −0.014 −0.023 0.149 −0.015
8
ΛLi (1/2
−) 1− 0− −0.117 −0.010 0.095 −0.032 - 0.006 − − − − −
9
ΛBe (2
+) 5/2+ 3/2+ −0.002 −0.018 −0.003 −0.023 -0.043 −0.044 0.014 −0.037 −0.028 0.008 0.000
10
Λ Be (5/2
−) 3− 2− 0.206 −0.020 0.010 0.196 - 0.148[88] 0.103 0.172 −0.037 −0.010 −0.019 −0.005
10
Λ Be (3/2
−
gs) 2
− 1− 0.192 −0.013 −0.021 0.159 - 0.165[88] 0.110 0.180 −0.022 −0.033 −0.010 −0.004
10
Λ Be (1/2
−) 1− 0− −0.095 −0.011 0.099 −0.007 - −0.162[88] 0.026 − − − − −
11
Λ B (3
+
gs) 7/2
+ 5/2+ 0.487 −0.020 −0.060 0.407 0.264 0.267 0.339 −0.037 −0.080 0.056 −0.010
11
Λ B (1
+) 3/2+ 1/2+ 0.408 −0.004 −0.044 0.360 0.505 0.475 0.424 −0.003 −0.010 0.061 −0.044
12
Λ B (5/2
−) 3− 2− 0.313 −0.020 0.059 0.352 - 0.389[89] − − − − − −
12
Λ B (3/2
−
gs) 2
− 1− 0.172 −0.014 −0.055 0.103 0.179 0.186[89] − − − − − −
12
Λ B (1/2
−) 1− 0− −0.130 −0.011 0.131 −0.010 - −0.664[89] − − − − − −
12
Λ B (3/2
−
2 ) 2
− 1− 0.021 −0.017 −0.049 −0.045 - −0.122[89] − − − − − −
12
Λ C (3/2
−
gs) 2
− 1− 0.175 −0.014 −0.055 0.106 0.161 0.153 0.175 −0.012 −0.042 0.061 −0.013
16
Λ O (3/2
−) 2− 1− 0.328 −0.012 −0.034 0.282 0.224 0.248 0.207 −0.021 −0.041 0.092 0.001
16
Λ O (1/2
−
gs) 1
− 0− −0.167 −0.011 0.184 0.006 0.026 0.023 −0.123 −0.020 0.188 −0.033 0.001
19
Λ F (5
+) 11/2+ 9/2+ 0.199 −0.019 −0.052 0.128 - 0.408[90] − − − − − −
19
Λ F (3
+) 7/2+ 5/2+ 0.219 −0.011 −0.031 0.177 - 0.562[90] 0.196 − − − − −
19
Λ F (1
+
gs) 3/2
+ 1/2+ 0.219 0.000 0.031 0.249 0.315 0.419[90] 0.305 − − − − −
22
TABLE VIII: NN interaction dependence of the spin-doublet splittings in AΛZ for core
A−1Z(Ipi) states. The results of the
AMD and AMD’ calculations with the ESC8a-msd interactions are shown. Information of the experimental values is explained
in the caption of Table VI.
A
ΛZ (I
pi) Jpi> J
pi
< AMD exp AMD’
∆σ SΛ T Total ∆σ SΛ T Total
9
ΛBe (2
+) 5/2+ 3/2+ −0.002 −0.018 −0.003 −0.023 −0.043 −0.002 −0.018 −0.003 −0.023
10
Λ Be (5/2
−) 3− 2− 0.206 −0.020 0.010 0.196 - 0.193 −0.020 0.015 0.188
10
Λ Be (3/2
−
gs) 2
− 1− 0.192 −0.013 −0.021 0.159 - 0.189 −0.012 −0.018 0.159
10
Λ Be (1/2
−) 1− 0− −0.095 −0.011 0.099 −0.007 - −0.095 −0.011 0.097 −0.009
11
Λ Be (2
+) 5/2+ 3/2+ 0.098 −0.018 0.004 0.084 - 0.027 −0.020 0.013 0.019
11
Λ B (3
+
gs) 7/2
+ 5/2+ 0.487 −0.020 −0.060 0.407 0.264 0.464 −0.021 −0.052 0.391
11
Λ B (1
+) 3/2+ 1/2+ 0.408 −0.004 −0.044 0.360 0.505 0.433 −0.004 −0.043 0.387
12
Λ C (5/2
−) 3− 2− 0.313 −0.020 0.059 0.352 - 0.282 −0.020 0.058 0.319
12
Λ C (3/2
−
gs) 2
− 1− 0.175 −0.014 −0.055 0.106 0.161 0.166 −0.014 −0.054 0.098
12
Λ C (1/2
−) 1− 0− −0.131 −0.011 0.130 −0.012 - −0.135 −0.011 0.128 −0.018
12
Λ C (3/2
−
2 ) 2
− 1− 0.018 −0.017 −0.048 −0.047 - −0.009 −0.017 −0.047 −0.073
13
Λ C (2
+) 5/2+ 3/2+ 0.049 −0.019 0.034 0.064 - 0.025 −0.019 0.020 0.026
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FIG. 2: (color online) Spin-averaged excitation energy shift
δΛ(E¯x) in
A
ΛZ for core
A−1Z(Ipi) states. (a)(b) The total
energy shift (δΛ(E¯x) = δΛ(E¯x)+ δΛ,0(E¯x)) and the V0 contri-
bution (δΛ,0(E¯x)) obtained by the AMD calculation. (c)(d)
The total energy shift obtained by the CL+AMD calculation,
and the V0 contribution obtained by the CL calculation. In
(c) and (d), the total energy shift obtained by the CL+AMD’
calculation is also shown by green cross points. For 19Λ F, the
total energy shift and V0 contribution obtained by the CL
calculation are plotted by red filled circles and blue filled tri-
angles, respectively. Information of the experimental data is
explained in the caption of Table IX.
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TABLE IX: The spin-averaged excitation energy shifts (δΛ(E¯x)), and SN and V0 contributions (δΛ,SN (E¯x) and δΛ,S0(E¯x)) in
A
ΛZ for core
A−1Z(Ipi) states. The AMD result of the SN contribution, the AMD and CL results of the V0 contribution, and
the AMD and CL+AMD results of the total shifts are listed. The expectation values of the VSN term obtained by the AMD
calculation are also shown. For 19Λ F, the CL and CL
4α+CL results are shown. The experimental values are from Refs. [2, 77–87]
except for 12Λ C(I
pi = 1/2), 12Λ C(I
pi = 3/2−2 ), and
13
Λ C(I
pi = 0+). For 12Λ C(I
pi = 1/2−) and 13Λ C(I
pi = 2+), the excitation energy
shifts for the 12Λ C(1
−) and 13Λ C(3/2
+) are shown. ∗For 12Λ C(I
pi = 3/2−2 ), the averaged value of the observed excitation energies
of 12Λ C(1
−)[87] and 12Λ B(2
−) [77] is deduced by assuming the same Coulomb shift between mirror states in 12Λ C-
12
Λ B as that in
11C-11B. Energies are in MeV.
A
ΛZ (I
pi) 〈VSN 〉 δΛ,SN (E¯x) δΛ,0(E¯x) δΛ(E¯x) δΛ(E¯x)
AMD AMD AMD CL AMD CL+AMD exp
7
ΛLi (3
+) −0.22 −0.21 −0.30 −0.58 −0.51 −0.79 −0.329
7
ΛLi (1
+
gs) −0.01 − − − − − −
8
ΛLi (7/2
−) −0.15 −0.07 −0.15 −0.34 −0.22 −0.42 −
8
ΛLi (3/2
−
gs) −0.08 − − − − − −
8
ΛLi (1/2
−) 0.01 0.09 0.05 0.20 0.14 0.29 −
9
ΛBe (2
+) −0.03 0.00 −0.01 −0.32 −0.01 −0.32 0.002
9
ΛBe (0
+
gs) −0.03 − − − − − −
10
Λ Be (5/2
−) −0.11 0.04 0.05 0.10 0.09 0.14 −
10
Λ Be (3/2
−
gs) −0.15 − − − − − −
10
Λ Be (1/2
−) 0.03 0.17 0.40 0.72 0.57 0.89 −
11
Λ Be (2
+) −0.41 0.07 −0.01 −0.10 0.05 −0.03 −
11
Λ Be (0
+
gs) −0.47 − − − − − −
11
Λ B (3
+
gs) −0.44 − − − − − −
11
Λ B (1
+) −0.07 0.37 0.63 0.77 1.00 1.14 0.951
12
Λ C (5/2
−) −0.30 0.27 0.08 0.62 0.36 0.90 −
12
Λ C (3/2
−
gs) −0.57 − − − − − −
12
Λ C (1/2
−) −0.28 0.29 0.15 0.59 0.45 0.89 0.732(1−)
12
Λ C (3/2
−
2 ) −0.12 0.46 0.20 0.89 0.66 1.35 1.01
∗
13
Λ C (2
+) −0.40 0.27 0.05 0.41 0.32 0.69 0.451(3/2+)
13
Λ C (0
+
gs) −0.67 − − − − − −
16
Λ O (3/2
−) 0.11 0.35 0.09 0.18 0.44 0.53 0.507
16
Λ O (1/2
−
gs) −0.24 − − − − − −
CL CL CL CL4α CL CL4α +CL
19
Λ F (5
+) −0.19 −0.14 −0.13 −0.16 −0.27 −0.29 −
19
Λ F (3
+) −0.11 −0.05 −0.04 −0.07 −0.10 −0.13 −
19
Λ F (1
+
gs) −0.05 − − − − − −
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FIG. 3: Energy spectra in AΛZ for
7
ΛLi,
11
Λ B, and
19
Λ F together
with those in A−1Z. The spectra in A−1Z, the spin-averaged
spectra in AΛZ, and spectra in
A
ΛZ are shown in the left, middle,
and right columns, respectively. Experimental data are from
Refs. [2, 4, 79, 83, 84, 86].
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FIG. 4: Same as Fig. 4 but for 12Λ C and
16
Λ O. Experimental
data are from Refs. [2, 85, 87]. As for the 12Λ C(J
pi = 2−)
state for the core 11C(3/2−2 ) state, the observed energy of the
mirror state in 12Λ B [77] is plotted assuming the Coulomb shift
between the mirror states in 12Λ C-
12
Λ B is the same as that in
11C-11B.
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TABLE X: Comparison of the Λ potential energy in 7ΛLi(I
pi =
1+, 3+) between the folding potential model approximation
and the microscopic calculation. The energies calculated us-
ing the nuclear densities ρI
pi
N and ρ
Ipi
N,cm (without and with the
cm motion) are shown. The difference between approximated
and microscopic calculations is also shown. Energies are in
MeV.
approx. micro. diff.
7
ΛLi(I
pi = 1+) ρN −11.81 −11.04 −0.77
ρN,cm −11.10 −10.92 −0.18
7
ΛLi(I
pi = 3+) ρN −12.90 −12.06 −0.84
ρN,cm −12.16 −11.99 −0.17
TABLE XI: Spin-doublet splittings in AΛZ for core
A−1Z(Ipi)
states calculated with and without nuclear spin rearrange-
ment in the AMD calculation.
A
ΛZ (I
pi) Jpi> J
pi
< Splitting energy (MeV)
w/o with
8
ΛLi (7/2
−) 4− 3− 0.22 0.25
(5/2−) 3− 2− −0.11 −0.10
(3/2−gs) 2
− 1− 0.25 0.30
(1/2−) 1− 0− −0.03 0.00
10
Λ Be (5/2
−) 3− 2− 0.20 0.21
(3/2−gs) 2
− 1− 0.16 0.17
(1/2−) 1− 0− 0.00 0.00
12
Λ C (5/2
−) 3− 2− 0.35 0.36
(3/2−gs) 2
− 1− 0.11 0.12
(1/2−) 1− 0− −0.01 −0.01
(3/2−2 ) 2
− 1− −0.05 −0.05
16
Λ O (3/2
−) 2− 1− 0.28 0.28
(1/2−gs) 1
− 0− 0.01 0.00
